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We developed a novel experimental technique to generatanaally stable (MS) packings @fictionless
granular disks. We performed a series of coordinated axyertis and numerical simulations to enumerate the
MS packings in small 2D systems composed of bidisperse .dislesfind that frictionless MS packings occur
as discrete, well-separated points in configuration spadeoatain excellent quantitative agreement between
MS packings generated in experiments and simulations. ditiad, we observe that MS packing probabilities
can vary by many orders of magnitude and are robust with ce$pehe packing-generation procedure. These
results suggest that the most frequent MS packings may @denthe structural and mechanical properties of
granular systems. We argue that these results for sma#iregstepresent a crucial first-step in constructing a
statistical description for large granular systems from‘bdottom-up’.

PACS numbers: 61.43.-j, 81.05.Kf, 63.50.Lm, 83.80.Fg

The power of equilibrium statistical mechanics is that i en

ables the evaluation of macroscopic state variables (ssch a | | (@) -1.02 | (b) g8 g ©
temperature and pressure) of a macroscopic system in ther- -1.04
mal equilibrium simply by counting microstates. A number =} 106 |® ol
of recent studies have applied similar statistical methods > 7
describe dense granular materidls [1/ 2, 3]. For example, -1.08
Edwards-ensemble descriptions are based on an assumption -1.10
that all mechanically stable (or ‘jammed’) configuratiofig.o ] 0.325 0.335 0.345 0.355 0.365
granular system under a given set of macroscopic constraint [ L x/os
are equally likely. The Edwards’ theory also implies thesexi — —
tence of a temperature-like variable—the compactixi@]. 5 06 ;

Despite the fact that granular media are dissipative and re- * © (;: ~ o4 @
quire external driving forces (not thermal fluctuationsgto g 3 ; b %
plore configuration space, there has been surprising ssiccés 2| ¢ .: J g‘: 0.2
in describing these materials using statistical methodeda

! . 0.0

o -

on the Edwards’ assumptioh| [5]. For example, simulations © 5~ -5, 5 5 2 3 2 1 0 1

of slowly sheared granular systems have shownyhatn be log,(AR/G,) log,, y*

uss? to quan’il_f)i effecrt:ye tf:re]rmal eqUIIIEerlum, SI?Ceﬁd.lr.-b FIG. 1: (@ Schematic of experimentb) Coordinatesxc,yc) of the
e,n racer particies achieve the sg anad severa eqU|_| " centroids of severdll = 7 MS packings from experiments on plastic
rium measures of temperature all agtiee [7]. However, $itatis (squares) and simulations f@lastic (circles). The solid line shows

cal mechanics approaches for dense granular materials hayg ocation of one of the centroids for 10< y < y*, wherey* is the

been applied without directly testing the underlying funda value at which the MS packing becomes unstable. The stayarei

mental assumptions. In particular, the assumption of equahe location of the centroid at. (c) Probability distributions of the

micrsostate probability has not been tested explicitly, te separatioAR in confi.guration space between distin.ct MS packings

relevant microstates have not been clearly defined. We adpt)hatr;]d between atg"’te” '\:'S plilc(lg:;]% and the_paCk;“QJ(é“rtE%?W
‘ , : : Wi e Same contact networ or experiments (das |

vocate a novel ‘bottom-up’ approach to constructing siatis oy G 2o e (solid lines)dy Probability distribution for* from

cal mechanics descriptions _of dense granular material®—ory; . ations. The vertical line indicatgs= Ypiasio

where we enumerate the microstates and accurately measure

the probabilities with which they occur. they occur in a long sequence of independent trials. In con-

To do this, we performed a coordinated set of experimentrast, frictional MS packings 8] form continuous familiesid
tal and computational studies of mechanically stable (MSfherefore packing probabilities cannot be uniquely deteeah
packings in small 2D granular systems undergoing verticayvithout first defining an appropriate probability measure. T
vibrations. To enable enumeration of MS packings (i.e., mi-generate frictionless packings in our experiments, we Have
crostates), we focused on small systems with no frictionaveloped a novel technique where frictional forces are edax
forces. We show that in the absence of frictional forces, théising small-amplitude, high-frequency vibrations.
set of MS packings isliscrete; thus packing probabilities can  In both experiments and simulations we find the follow-
be directly evaluated by counting the frequency with whiching four key results concerning the microstate distribnsiof
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FIG. 2: @ Number of distinct statels found inN; trials for experi-
ments on plastic (gray solid line) atl= 3 (dot dashed), 4 (dotted),
5 (dashed), 6 (long dashed), and 7 (solid) simulations=a/pjastic
The horizontal (vertical) axis is scaled by the total numbeMS
packingsN (trials, Nf°") at saturation. The experimental curve was
obtained by fitting\Lt andN{°! to simulations. If) Nt vs. N from
simulations (circles) and experiments (squares). Thel diolé has
slope 12. (c) Sorted probabilityP, of MS packings folN = 7 vs.
index (k+ NP — Ng) /Nt for simulations (solid) and experiments
(dashed)Ns/NPt ~ 0.695 for experiments was determined froa). (

2

The particle mixtures consisted ¢N + 1)/2 small and
(N—1)/2 large particles, wittN =5 and 7. For these sys-
tems we enumerated the majority of frictionless MS packings
by performing\; = 1.8 x 10° (N = 7) and 12 x 10* (N = 5)
independent trials using the protocol described below.rahe
tio of disk diameters wad = 0y /05 = 1.2520+4-0.0003, and
the ratio of the cell width. to the small particle diameter was
A =L/0os=4.25314+0.00001 (2654 0.02) for N = 7 (5).

We used bidisperse systems to prevent ordering.

The degree to which our particles behave as hard disks
can be estimated using the dimensionless stiffness pazamet
y = msg/kas, whereg is the gravitational acceleratiom is
the mass of a small particle, akds the effective spring con-
stant of the elastic interparticle interaction. By measgithe
deformation of single plastic (steel) disks under grawitg,
estimateypastic ~ 1.85x 1073 (Ystee1~ 3 x 1077), which im-
plies that the deviation of the particle packings from hdisk
behavior is small (cf., Figkl bf and1)).

To generate an ensemble of frictionless MS packings, we
repeatedly performed the following protocol: The plunger
was first oscillated at high amplitude and low frequency (50
Hz) for 100 ms to randomize particle positions. The system
was allowed to relax under gravity with the shaker turned off
for 400 ms. We then applied a low-amplitude, high-frequency
(400 Hz) oscillation for 500 ms, which excites particle rota
tion and relaxes frictional particle-particle and pagiglall
interactions. Finally, the oscillations were turned oftigo-
sitions of particle centers were determined to an accurécy o
A/os = 6 x 107 using a digital camera and particle-tracking
software. The MS packings in experiments were identified us-
ing the set of particle positiorﬁ = {r1,T2,...,Tn} for each
configuratiori, wherer; are thex- andy-coordinates of thél
particles. (See Fid &f.)

Computer Smulations We also performed molecular dy-
namics simulations of gravitational deposition of bidisge
frictionless disks. Our goal was to determine how key fesgur
of MS packing distributions depend on the particle-depmsit
process, and to identify which features are robust, i.enato

granular packings in the zero-friction limit: 1) There eéxas  depend on specific details of the dynamics. Thus, in the simu-
finite number of discrete MS packings that grows exponentations we do not exactly mimic the packing-preparation pro
tially with system size. 2) The frequency with which thesecess in experiments. In particular, we do not model friction
packings occur is highlyonuniform. 3) The sets of packings contact forces, but instead we use velocity-dependerg-resi
found in experiments and simulations of model granular metance forces to dissipate energy. However, geometricialy s
dia are very similar. 4) The packing frequency is relativelyilar sets of MS packings are needed for a detailed comparison
insensitive to the packing preparation protocol. We arpaé t of the probability distributions. Thus, we closely matcle th
the above important new results need to be incorporated inteell width A, particle size distribution, gravitational force, and

statistical descriptions of dense granular media.

elastic interactions in simulations and experiments t@iobt

Experiments A schematic of the apparatus used to gen-very similar sets of MS packings.

erate MS frictionless disk packings is shown in Higa)1(
A mixture of thin disks of thickness.B75+ 0.003 mm and
two different diametersg ando; were confined between two
glass plates separated b8+ 0.01 mm and rested on a thin

plunger connected to an electromagnetic shaker througtt a sl

We assume that the disks interact via a finite-range, purely
repulsive linear spring force

lfr(l’ij)zo_iijéij@(—éij)fij, (1)

in the bottom of the cell. The shaker enabled us to apply verwhich mimics elastic interparticle repulsiore is the char-

tical vibrations at variable amplitude and frequency tceip
edly generate static particle packings.

acteristic energy scalg, is the separation between particies
andj, oij = (0i + 0j) /2 is the average diamet@; = rij — qj;



is the interparticle overlag;jis the unit vector connecting
particle centers, an@(x) is the Heaviside step function.

To create each MS packing, we randomly place particles in
a square cell of sizk, with no particle overlaps. We then al-
low initially stationary particles, interacting via elastepul-
sive forces[{ll) and dissipative forces proportional totieda
particle velocities, to fall under gravity. The system eed
according to Newton’s equations of motion

N

maiz—mg?Jr; [ﬁr(rij)—be(—aj)vij'fij fij+R", (2) 10" _

J#I 10-2 . o‘; : ;:'o ° %

whered; is the acceleration of particle vij is the relative 10° S o.:;p,:%? i«e‘:f;
velocity of particlesi and j, andb is the damping coeffi- . 107 o ,@ o.,w"":"
cient. The particle-wall interaction forée€" has an analogous [ ’ e g S
form to the particle-particle interactiofl (2), with enespale oo e B AT
e¥ = 2e. We set the dimensionless damping coefficient to I geffg,%“i’ °
b= osh/\/ms€ = 0.25. The simulations are terminated when 10_8 3 f.?"% °.,°°
the total forceFo; on each particle is vanishingly small. (In 101075 10° 10° 10° 102 10
most simulations we used the threshBlgl < Fnax= 10"1%). P

To determine which of the relaxed configurations are meFIG. 3: (a) DistanceAR, andARy, between each MS packing from
chanically stable, we calculated the eigenvalues of thelyn  experiments on plastic disks and the nearest (dotted) attehearest
ical matrix [9]. The MS packings possesy’ositive eigen- ~ (solid) MS packing from simulations gjastic vs. indexk for the ex-
values, wher&l’ = N — Ny, andN; is the number of ‘rattler perimental MS packings sorted in order of increashiy. The ver-
particles. Rattlers have fewer than three contacts (imctud tical line atk = 618 separates matched MS packings to the left from
I dif icall he b those that are unmatched) (The probability with which MS pack-
wa (_:ontac_ts) and| _prgsen_t typl_cg yrestont e ottom. | ings occurred in experimenthvaersus probability of the matching
the_S|muIat|qns, we d|sj[|ngmsh d|§t|nct MS packings by €0m g4te in simulation®$™. The solid line has slope one.
paring the eigenvalue lists. The eigenvalues are considere
; i i 6
be equal if they differ .by. less than th? noise thrgshold 10 tance between distinct MS packings in configuration space
Less than 1% of the distinct MS packings contain rattlers. In : 1 . .
. . . . Is approximately 10*os, whereas the maximum size of the
these configurations, we ignore the translational degeyera . 1.0 . : :
) . . scatter is 10205 in simulations and 1Pos in experiments.
of the rattlers—two configurations with the same contact net . . : . .
: Based on this observation, in our analysis of experimental
works of non-rattler particles are treated as the same. ife co - - .
. . ) . . . data, two packing® andR; are considered to be the same
pare simulation and experimental data in configurationepac . tate AR — B — B AR — 0.01
we omit the rattler particles, and consider only positiohs o ™'cTOStat€! T R o J|/0_5< -
particles forming the contact network. To enumerate all MS To determine if particles in our system can be treated as
packings and accurately measure their frequencies, wécsons hard disks, we tested the sensitivity of the numerically-gen
ered small systems in the ranije= 2 to 7 particles. Systems €rated MS packings to variation in the stiffness parameter
with an even number of particles contained equal numbers ofhe solid line in FigL1l) shows the change of position of the
large and small particles, while systems with an odd numbegentroid of a MS packing wheyis increased from 10 to the
contained one additional small particle. critical valuey* where a sudden change in the particle contacts
Results We find that MS packings in frictionless granular occurs {* = 0.06 for this particular packing). While the over-
systems occur as discrete points in configuration space [143ll variation of the position of the centroid is significatite
In Fig. D) we display the coordinate,yc) of the cen-  Position of the centroid foy = Yyiastic is essentially indistin-
troids of MS packings in a small region containing severalduishable from the position in the hard-disk lingit- 0. The
microstates folN = 7 (plastic discs in experiments and par- distribution of the critical parameteys for the set of all simu-
ticles with ypjastic in simulations). The results show that the lation MS packings is depicted [ d) These results indicate
MS packing centroids are indeed distinct and well-sepdrate that most of the hard sphere packings remain stable even when
Moreover, the experimental and simulation points agree. Outhe stiffness parameter is increased abgwgiic
simulations do not involve static frictional forces, thinst In simulations, we are able to perform an extremely large
agreement indicates that our novel experimental techrigjue number of trials and find nearly all MS packings in small sys-
able to generate mechanically stable frictionless packing  tems. In Fig[24), we show the number of distinct states
Fig [I(c) shows that the experimental and numerical scatNs as a function of the number of triald for systems with
ter in the MS packing centroids is several orders of magniN = 3 through 7 particles. In all cases (excépt= 7), we
tude smaller than the average separation between discfete Maturate the packing-generation process in the sense ¢hat w
packings in configuration space. We find that the average disio not generate new MS packings when the number of trials
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is increased by a factor of 10 beyon!. In experiments (although there is also a significant scatter). In fact, we ca
we followed a similar procedure, but we were unable to fullyculate that the rms deviation in the probabilities of matche
saturate the curves because of insufficient number of trialpackings in simulations and experiments is only 8% of the
Fig.[A{) shows that in experiments and simulations the totaprobability of the most frequent MS packing. Since the dy-
number of MS packings grows exponentially with the systermamics in experiments and simulations is quite differdng t
size,N°' ~ eN. The exponena~ 1.2 is the same as found is an important result, which implies that properties ofista
for periodic systemé__[,i4]; however, the prefactor is lafger frictionless packings are weakly dependent on the packing-
roughly an order of magnitude. The number of trials requiredoreparation protocol.
to reach saturation of the simulation packing-generatign-a ~ Conclusions We introduced a novel experimental method
rithm (cf., Fig[2@)) also grows exponentially witN, butwith  to generate frictionless MS packings of granular materials
a larger exponent. Sind¢°' grows rapidly with system size, This method is crucial for studies aimed at differentiatine
enumeration oN{' ~ 728 MS packings foN = 7 requires  effects of geometrical constraints and friction on the Gstru
N{°t ~ 10° trials. This large number of trials stems from the tural and mechanical properties of jammed granular systems
extremely nonuniform packing probability distribution. We performed coordinated experimental and computational
The frequency distributions for MS packings are extremelystudies of frictionless MS packings in small systems, which
nonuniform in both simulations and experiments. As deplicte showed that MS packing probabilities are extremely nonuni-
in Fig.[2(c) the MS packing probabilities vary by many orders form and relatively insensitive to the procedure used te pre
of magnitude. In addition, we find quantitative agreement inpare them. In future studies, we will investigate the conse-
the shape of the frequency distributions, which implies thaquences of our present results for the microstate statistic
frequencies of the MS packings are only weakly sensitive tanacroscopic granular systems treated as a collection ofynea
the dynamics used to generate them. independent small subsystems. We will also dial in fricsion
To make a quantitative comparison between MS packinggontacts to generate continuous geometrical families of MS
found in experiments and simulations, we calculated the diSpackings that occur even at fixgg and then compare the
tance in configuration spaasR between each MS packing statistics of these continuous sets of packings to thatir d
generated in experiments and the nearest and next neareséte MS packings.

MS packings found in simulations. In Figl&( we show  Financial support from NSF grant nos. CBET-0348175
the nearest-neighbor and next-nearest neighbor sepwatio GG, JB) and DMR-0448838 (GG, CSO) is gratefully ac-
AR, andARn, for experiments wittN = 7 plastic disks and  knowledged. MS thanks Yale University for lab and office

the corresponding simulations yasiic versus index sorted  space during his sabbatical when this work was performed.
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